Using a solitonic model of nuclear matter, the BPS Skyrme model, we compare neutron stars obtained in the full field theory, where gravitational back reaction is completely taken into account, with calculations in a mean-field approximation using the TolmanOppenheimer-Volkoff approach. In the latter case, a mean-field-theory equation of state is derived from the original BPS field theory.
I. INTRODUCTION
Neutron stars are macroscopic objects formed by gravitating nuclear matter. Unfortunately, it is not possible to study neutron stars within the fundamental quantum theory of strong interactions coupled to gravity. The obvious reason is that neutron stars are made of neutrons (and a fraction of protons, electrons and perhaps some other particles) which are low energy non-perturbative excitations of QCD. Presently, it is not known how to describe non-perturbative phenomena of strongly interacting matter directly from QCD. To overcome this difficulty and study the low energy sector of QCD, one has to deal with effective field theories (EFTs) which are usually proposed (or motivated by some general arguments) rather than derived from the underlying fundamental theory. Even if one assumes an effective low energy action of QCD (for example quantum hadron dynamics, or the Nambu-Jona-Lasino model or some bag models), however, it is not possible to find neutron stars as solutions of that field theory coupled to Einstein gravity. This most obvious way to describe neutron stars is usually too complicated. A widely acceptable solution of this problem is provided by the Tolman-Oppenheimer-Volkoff (TOV) approach [1] , where the Einstein equations are solved for a perfect fluid energy-momentum tensor. To complete the set of equations, one has to provide an equation of state (EoS), i.e., an algebraic relation between the energy density ρ and the pressure p. This is the place where a particular EFT finally enters. To derive the equation of state from a given effective action (without gravity), however, is again a non-trivial task, since EFTs at the fundamental level (i.e., using their field degrees of freedom and the corresponding action) usually are not perfect fluids. Therefore, one has to go from a microscopic (field theoretic) description to a macroscopic description and a thermodynamic limit must be performed, which typically implies a mean-field approximation. In this manner, an average (spatially constant) value of the energy density is calculated and all deviations from spacial constancy are ignored. However, as gravity directly couples to derivative terms, any deviation from a constant value may influence some properties of neutron stars, like the maximal mass, maximal radius, or the mass-radius relation. Hence, studying this phenomenon is an important but, at the same time, complicated issue. The main difficulty comes from the fact that a full field theoretic calculation is required if we want to understand the error introduced by a mean field approximation. So we need a low energy effective field theory of QCD which is capable of describing nuclear matter and which has a perfect fluid energy-momentum tensor already at the microscopic (field theoretic) level. It is obvious that these two requirements are very strong and, in principle, one may even doubt whether such a model exists.
Quite surprisingly, it has been shown recently that there exists an effective low energy action, the BPS Skyrme model, for which the corresponding energy-momentum tensor possesses the perfect fluid form and, therefore, no mean-field approximation has to be made. Furthermore, one can solve this model even after its coupling to gravity and find solutions representing neutron stars. Hence, this theory can also serve as a laboratory for studying the validity and accuracy of the mean field approximation, which is one of the objectives of the present work.
Among EFTs for low energy QCD, Skyrme type models play a very prominent role [2] , [3] . It has been conjectured by Skyrme that baryons and nuclei may be described as a sort of vorticity in a mesonic fluid or, in a more precise mathematical language, as solitons in a mesonic effective field theory [2] . This proposal received some further motivation from the large N c expansion. Indeed, QCD in the limit of an infinite number of colours becomes equivalent to a a weakly interacting theory with only mesonic degrees of freedom [4] . Unfortunately, the derivation of the effective mesonic theory from QCD is still an open problem and its correct form is unknown. In the simplest form, as proposed by Skyrme, the Skyrme model lagrangian reads
where the first two terms represent the sigma model (kinetic) part and the so-called Skyrme part
and L 0 = −λ 0 U(Tr U ) is a non-derivative term, i.e., a potential. Usually one chooses U = U π = 1 − TrU , which provides a mass for the perturbative excitations (the pions). All λ n are nonnegative, dimensionful coupling constants. Moreover, U is an SU (2) valued matrix Skyrme field and L µ = U † ∂ µ U is the left-invariant Maurer-Cartan current. The baryon number is identified as a topological charge B corresponding to the conserved topological current B µ
From a phenomenological perspective, the original Skyrme action has been quite successful in many respects. After a semiclassical rigid body quantization (and carefully taking into account the Finkelstein-Rubinstein constrains [5] , [6] ), it provides a good description of nucleons (charge B = 1 sector) [7] as well as the deuteron [8] and some additional light nuclei [9] . Furthermore, it
gives rotational excitation bands of some light nuclei with a good qualitative as well as quantitative agreement with experimental results [10] (for a possible improvement related to deformations of spinning skyrmions see [11] ). As a very recent example, the model allows to model the structure and properties (e.g., the so-called Hoyle state) of Carbon 12 [12] . This notable success of the original Skyrme model applied to excited states of the lowest nuclei has to be contrasted with its inability to describe the proper binding energies of atomic nuclei. Skyrmions with higher topological charges have binding energies approximately 10 times bigger than experimentally measured. Another important issue is the fact that skyrmions with large baryon number form crystals, which again is in contrast to the liquid behaviour of nuclear matter. In order to cure the binding energy problem, two possible generalizations of the original Lagrangian to a so-called near BPS Skyrme model have been proposed. Although they explore the same ideato bring the model close to a BPS theory -they achieve it in rather different ways. One possibility is to flow the usual (static) Skyrme model into the conformal Yang-Mills SU (2) theory in the four dimensional Euclidean space by the inclusion of (infinitely many) higher vector mesons [13] (see also [14] ). Alternatively, one can add a dominating BPS submodel based entirely on the mesonic Skyrme field [15] 
where the derivative dependent sextic term is just the baryon current squared
Then, the full near BPS Skyrme model reads
where is a small parameter (see also [16] , [17] ; for the influence of the sextic term on the usual Skyrme model, see, e.g., [18] ). It has been shown that this improved Skyrme action, already in the exact BPS limit → 0, leads to very accurate binding energies if one takes into account the semiclassical quantization of (iso)-rotational degrees of freedoms, the Coulomb interaction as well as the isospin symmetry breaking [19] . Furthermore, the BPS Skyrme static energy functional is invariant under volume preserving diffeomorphisms (VPDs) on physical space, which are the symmetries of a perfect fluid. In addition, the energy-momentum tensor of the BPS Skyrme model is the energy-momentum tensor of a perfect fluid. This solves the second, before mentioned, long standing problem in the Skyrme framework. All these results support the conjecture that the near BPS Skyrme model might be the right low-energy EFT for the description of nuclear matter. One has to underline that already the BPS part of the full near BPS model gives a very good approximation to some static properties of nuclear matter (masses, binding energies). This is important since the BPS sector is solvable which renders computations possible. We remark that another variant of the Skyrme model leading to low binding energies, where a 'repulsive' potential is added to the standard Skyrme action, and whose existence is, again, based on topological energy bounds [20] , [21] , has been proposed and investigated recently in [22] The solvability of the BPS Skyrme model allows to find solitonic solutions after coupling to gravity [23] . The important point is that the obtained gravitating skyrmions (neutron stars) are solutions of the field equations with the Einstein gravity fully taken into account. This means that no assumption on an EoS was made. Instead, the Skyrme matter acts as a source (energymomentum tensor) for the Einstein equations (for previous applications of skyrmions in the context of neutron stars and as a source for GR equations see [24] - [30] ). The validity of this approach follows from the observation that, as mentioned above, the energy-momentum tensor is of the perfect fluid type and no thermodynamical limit has to be taken to reach a fluid regime. An (algebraic) on-shell equation of state may be computed after solving the equations, but it turns out that this on-shell EoS is not unique but depends of the total mass of the neutron star, i.e., on the specific solution. This is related to the fact that the original EoS in the BPS Skyrme model (without gravity) is not of an algebraic form ρ = ρ(P ) but depends on spatial coordinates i.e., ρ = ρ(r, P ) since the energy density ρ is typically not spatially constant.
The objective of the present paper is twofold. We shall continue the investigation of neutron star properties within the BPS Skyrme model commenced in [23] , and we want to compare the full field theory and gravity computations with the mean-field TOV approach. To accomplished this second aim, we have to derive an algebraic (global) EoS from the correct (coordinate dependent) EoS by a sort of mean-field approximation.
The outline of the paper is the following. In the next section, we briefly summarize some thermodynamical properties of the BPS Skyrme model. In section III it is shown how an average, mean-field equation of state (MF-EoS) may be derived from the exact EoS. In section IV we describe the results of our numerical neutron star calculations and compare the neutron star properties obtained in the full field theoretical and gravity set-up with the TOV approach, where the MFEoS is used. Finally, in section V we discuss our results.
II. EQUATION OF STATE IN THE BPS SKYRME MODEL
One of the most striking features of the BPS Skyrme model is the fact that, at the same time, it provides both a description in terms of microscopic degrees of freedom (mesonic fields in the BPS Skyrme action) and a description by macroscopic quantities, i.e., thermodynamical functions [31] . Both descriptions agree completely in the sense that the field theoretical energy E and pressure P together with the geometrical volume V obey the standard thermodynamical relation
The main consequence of this result is that, in the BPS Skyrme model, we are all the time in a thermodynamical limit. In other words, no additional thermodynamical limit (for example a kind of mean field approximation) has to be performed to reach a macroscopic description in the language of the proper thermodynamical functions. This is a profound difference between the BPS Skyrme model and any other low energy effective theory of Quantum Chromodynamics. Below we briefly summarize some thermodynamical properties of the BPS Skyrme model [31] .
First of all, the energy-momentum tensor of the BPS Skyrme model has the form of the energymomentum tensor of a perfect fluid (for the moment we consider the case of flat Minkowski space, i.e., without gravity)
where the energy density and pressure for static configurations, which are the ones relevant for us (and where u µ = (1, 0, 0, 0)), read
From the conservation equation ∂ µ T µν = 0 we get p = P = const. Hence, the pressure inside BPS skyrmions (skyrmionic matter) is constant. Moreover, the equation which defines the pressure is, in fact, a first integral of the full second order equation of motion. It provides solutions (field configurations with nontrivial baryonic charge) with non-zero (external) pressure. In particular, for the axially symmetric ansatz
where τ are Pauli matrices and
(the usual BPS equation is obtained as a zero pressure condition [32] ). Solving this equation with topologically nontrivial boundary conditions (ξ(0) = π, ξ(R) = 0), we get a profile of the skyrmion. Here R is the geometric radius of the soliton. Inserting it back into the energy density we get a spatially dependent function which also changes if the pressure is varied, i.e.,
This formula can be regarded as a density-pressure equation of state in the BPS Skyrme model for spherically symmetric nuclear matter. Another important quantity considered in the context of nuclear matter is the particle density. Here, it is equivalent to the baryon topological charge density B 0 . The corresponding equation of state may be easily read-off from the components of the energy-momentum tensor. Namely,
where the plus sign has been assumed as we have baryons (not anti-baryons). This, again, is the particle number -pressure equation of state which together with the above energy densitypressure EoS completely defines the system. Obviously, in our construction both equations of state follow from the BPS Skyrme action. Furthermore, one can find the total energy and the geometrical volume
Here,P = P/µ 2 . In contrast to the density, the total energy and the volume are related to the pressure in a global (coordinate independent) manner. So, some well-defined energy-pressure E = E(P ) as well as volume-pressure V = V (P ) equations of state do exist. It should be noted that the energy and volume can be found without knowing a particular solution. They are given by integrals of some functions of the potential over the target space.
III. MEAN-FIELD EQUATION OF STATE -A HADRONIC BAG MODEL
As we have already underlined, it is an inherent property of the BPS Skyrme model (and undoubtedly its near BPS extensions) that the energy density of skyrmionic matter is not constant -except for the step function potential. On the other hand, the model allows to describe solutions with non-zero external pressure, and the pressure is always constant inside skyrmions (nuclear matter). Therefore, the energy density is a space (radial) dependent function which changes if a non-zero pressure is imposed, ρ = ρ(r, P ), P = const.
(III.1)
It should be emphasized, again, that this is the proper equation of state of skyrmionic matter in the BPS Skyrme model. Hence, in general, the pressure and the energy density are not related by an algebraic equation (which does not depend on coordinates) i.e., there is no equation of state of the form
This may be a source of some difficulties if one wants to compare the thermodynamical properties of the BPS Skyrme model with the usually used density-pressure equations of state derived in other effective field theories. However, it is possible to cast the equation of state obtained in the BPS Skyrme model into such an algebraic (global) form. It requires a simple averaging procedure, which may be interpreted as a mean field approximation. The obvious definition of the average energy density isρ
and the resulting mean field equation of state (MF-EoS) is just a function of some target space integrals (averages)ρ
Here
where we use that, as a manifold, the target space SU(2) may be identified with the unit threesphere S 3 . Further, Vol S 3 = 2π 2 is the volume of the (target space) unit three-sphere, and vol S 3 the corresponding volume form. The right hand side follows because the potential U, by assumption, depends on the Skyrme field only via the field variable ξ.
For later convenience, we also want to define the average baryon density as baryon number divided by volume, i.e.,n
Notice that it is not necessary to know explicit soliton solutions of the model to find the MFEoS. Instead, it is encoded in geometrical (target space) average values. Obviously, a particular form of the MF-EoS follows from a particular potential. However, some general observations can be easily made.
A. High pressure limit -a hadronic bag model.
For large values of the pressure we find the following expansion (up to the first two terms; we use 1 = 1)ρ
This is an equation of state of a bag type matter with the asymptotical bag constant B ∞
Hence, at least for high pressure and from the average MF-EoS point of view, matter described by the BPS Skyrme model behaves as a matter in a bag type model, where the asymptotic bag constant is given again by a target space average of the potential. In comparison, the MIT bag model leads to the following linear equation of state [33] 
As the Skyrme model is based entirely on a mesonic matrix field with all quark contributions assumed to be integrated out, we seem to have a kind of hadronic bag model instead of the typical quark bag model -the BPS Skyrme model describes nuclear matter, not quark matter. Moreover, in the MIT bag model the proportionality constant is 1/3 instead of 1. Nevertheless, in the high density (high pressure) limit, the EoS of the BPS Skyrme model coincides with the high-density EoS of several other important models of nuclear matter. First of all, let us observe that in the limit of very high pressure, even the exact (non-constant) energy and baryon number densities become approximately constant (ρ ∼ρ and B 0 ∼n B ≡ (B/V )) and lead to the approximate EoSρ
But this is exactly the high-density limit of the EoS of the Walecka model [34] (for a good review see, e.g., [35] ), where the constant π 4 λ 2 is replaced by (1/2)(g 2 ω /m 2 ω ) (here g ω and m ω are the coupling constant and mass of the vector meson of the Walecka model).
Secondly, the same high-density EoSρ ∼ P also occurs in a modification of the MIT bag EoS, where interactions with higher mesons are taken into account. Specifically, for high P , contributions from the vector meson interactions always win over the usual free fermion gas part. Therefore, asymptotically one gets again P ∼ρ [36] , coinciding with the result obtained in the BPS Skyrme model. An explanation of this agreement may be related to the fact that the interaction used in [36] in the derivation of the EoS is effectively described by a Nambu-Jona-Lasinio (NJL) interaction term, i.e., the square of the quark vector current
Further, the quark vector current is, up to a constant, just the baryon density current, and the NJL interaction term is, therefore, equivalent to the sextic (baryon density current squared) term in the BPS Skyrme model, although the field parametrization of the current is quite different in the two models -a Noether current based on quark fields in the NJL case, and a topological current based on the Skyrme field in the BPS Skyrme model. As the vector channel gives the leading contribution for the MIT bag EoS in the large pressure limit, the effective action is also dominated by this term. Thus, both models coincide in the high pressure regime, even though the baryonic current is defined by very different degrees of freedom: quark and mesonic, respectively. This observation may point towards the interesting possibility that the BPS Skyrme model is a solitonic realization of a vector MIT bag model, as conjectured by M. Nowak and M. Rho.
B. Small pressure limit
For small pressure P , the power series expansion in P does not work. The reason is that one gets target space averages of arbitrary negative powers of the potential, U −a , where a > 0. As the potential has at least one zero (the vacuum) we get singularities for sufficiently large a, and the expansion breaks down.
In general the small P behaviour is
where f (P ) is a non-polynomial function of P , such that f (P ) = 0 as P → 0. Its particular form strongly depends on the potential. We may interpret the first constant as an equilibrium bag constant (i.e., at equilibrium or nuclear saturation density)
Let us notice that this expression is nonzero only if < U −1/2 > is not singular. This condition is equivalent to the fact that the geometrical volume V (which, as we already know, is also the thermodynamical volume) is finite at P = 0 , which as a consequence leads to the requirement that all skyrmions have to be compactons. However, compact solitons are obtained only if the approach to the vacuum of the potential is weaker than ξ 6 , i.e., lim ξ→0 U ∼ ξ α for α < 6. In this paper, we shall consider only potentials which satisfy this condition.
C. Causality
There is one physically important condition which our MF-EoS should obey. Namely, the speed of sound
has to be smaller than or equal to the speed of light as required by causality,
which leads to the following requirement for the target space averages
This formula provides admissible potentials. We will check this condition for all potentials considered below. Furthermore, using the Chebyshev integral inequality it is possible to prove that the asymptotic bag constant B ∞ is always greater than or equal to the the equilibrium bag constant B 0 ,
D. Examples
The step function potential
Let us now consider three particular examples.
First of all, we analyze the step function potential
From a phenomenological point of view, this potential is not the proper choice. It leads to an unphysically large compression modulus [31] . Nevertheless, it is still interesting to consider this case, as for the step function potential the exact equation of state agrees exactly with its mean-field average version. Indeed, both approaches give the following EoS
Hence B ∞ = B 0 = 2µ 2 andρ = ρ. The reason why these two approaches lead to the same answer is the fact the the energy density is a constant function. Thus, the mean field (average) energy density is equal to the energy density computed from the BPS equation. It is also clear why asymptotically, for large pressure, the average MF-EoS for any admissible potential looks the same as for the step function potential. From the BPS equation
we see that for P >> µ 2 , the right hand side is effectively equal to −µ √ P . This follows from the observation that the original potential takes values between the vacuum value U(ξ = 0) = 0 and a maximum value U(ξ = π), which is negligible for sufficiently large pressure. Hence, in this limit, the nontrivial and field dependent right hand side effectively behaves as a field independent (constant) quantity. Therefore, also the left hand side, i.e., the baryon charge density as well as the corresponding energy density are constant, and the resulting EoS must correspond to the EoS of the step function potential.
The Skyrme potential U = U π
Another obvious choice is the Skyrme potential originally used to provide masses for (pionic) field perturbations
(where we defined the new field variable h for later convenience). In this case, the energy density obtained from the BPS equation is not constant and the mean-field averaging leads to a different MF-EoSρ where K and E are the complete elliptic integrals of the first and second kind, respectively. Here, the bag constants are
The expansion at zero pressure givesρ
where the subleading terms have been omitted. Then, ∂ρ ∂P = ∞ at P = 0. As the MF-EoS is a monotonous function of the pressure and tends toρ = P + B ∞ (see Fig. 1a ) we can conclude that the speed of sound is always smaller than 1 and the model satisfies the causality condition.
The Skyrme potential squared
The last example we will explore further in the next section is the Skyrme potential squared
Then, we find the following exact expression for the MF-EoS 
It can be shown that the model obeys the causality requirement. In Fig. 1b we plot this MF-EoS. As is clearly visible, it tends quite rapidly to a linear density-pressure function. Hence, the EoS approaches the EoS for the step function potential rather quickly.
IV. TOV VS. FULL GRAVITATING FIELD THEORY A. Full field theoretical computations
The BPS Skyrme model in curved space-time has the following form (for a more detailed analysis see [23] )
As in the flat space case, the corresponding energy-momentum tensor has a perfect fluid form, which for static solutions and for a diagonal metric reads
where now the pressure and energy density are metric dependent functions
In order to find neutron stars in the BPS Skyrme model (in a full field theoretic calculation) one has to solve the Einstein equations
with the energy-momentum tensor provided by the BPS action and in a spherically symmetric metric
The key point is that the full field theoretical equations and the Einstein equations are compatible with the metric ansatz together with the previously introduced axially symmetric ansatz for the Skyrme field. This allows to reduce the equations to a set of three ordinary differential equations: two which couple the Skyrme field (profile) h ≡ (1/2)(1 − cos ξ) and B, while the third one determines A in terms of h and B 1 r
where now
These equations are solved for topologically non-trivial boundary conditions for the Skyrme profile
together with natural conditions for the metric field and the pressure (which is equivalent to a condition for h r (r = R))
A detailed discussion of these numerical computations is provided in [23] . We want to emphasize that in this field theoretical approach with the gravitational interaction fully taken into account no fixed (unique) EoS has been assumed. On the contrary, the energy density ρ and pressure p are both metric dependent functions and, therefore, it is not expected that any unique EoS for all solution may exist. We remark that a similar geometry-dependent (so-called quasi-local) EoS has been used in an analysis of gravastars and neutron stars with anisotropic matter, see, e.g., [37] - [39] . However, for the assumed ansatz, which is natural for neutron stars, one can derive an on-shell EoS. Indeed, as p and ρ (after finding a particular solution) are functions of only one coordinate r, we may eliminate it and derive a relation ρ = ρ(p). It should be stressed that this relation has to be found for each solution (each neutron star with a given mass) independently. One important result is that in this full field theoretical approach, there is no unique EoS (even for the spherically symmetric gravitating skyrmions). The obtained equation of state not only relates local quantities (pressure and energy density) but, in addition, depends on a global parameter i.e., the total mass M (or equivalently the baryon charge) of the neutron star, i.e.,
Numerically, it has been found that the EoS is of a polytropic form p = aρ b , where the two parameters a and b depend on the total mass [23] .
B. Mean-field approximation computations
The same set of Einstein equations (IV.7), (IV.8) can be used for the usual mean-field TOV computation. The only difference is that now the matter field is "averaged" in the sense that instead of the field dependent energy density and pressure we deal with their mean-field versions related by the mean-field equation of state (MF-EoS)ρ =ρ(p) introduced above. Computationally it means that we solve (IV.7), (IV.8) where p andρ (which replaces ρ) are treated as independent functions, and a fixed (spatially independent) MF-EoSρ =ρ(p) is assumed, which closes the system. The only initial condition is B(r = 0) = 1. Obviously, for the step-function potential both approaches are exactly the same, as the full field theoretical EoS is equal to its mean-field version.
C. Parameter values and initial conditions
Before performing the numerical calculations, we have to choose numerical values for the coupling constants λ and µ of the BPS Skyrme model for the three potentials U = Θ(h), U = U π = 2h and U = U 2 π = 4h 2 we want to consider. We shall determine these values by fitting the BPS skyrmions to properties of nuclear matter. In [23] we fitted to the mass of the helium nucleus and to the nucleon radius for simplicity, but here we prefer to fit to the binding energy per nucleon of infinite nuclear matter E b = 16.3 MeV and to the nuclear saturation density (baryon density of nuclear matter at equilibrium at zero pressure), n 0 = 0.153 fm −3 [35] , because infinite nuclear matter is a more appropriate choice for neutron stars. (In any case, the differences in the values of physical observables induced by the two fits are rather small and typically do not exceed 15%). With the nucleon mass E n = 939.6 MeV, the soliton energy per nucleon is E B=1 = E n − E b = 923.3 MeV. Further, V B=1 = (1/0.153) fm 3 . Then, using the expressions for energy and volume at zero pressure (at nuclear saturation), the fit in the three cases leads to (IV.14) (IV.15)
It is of some interest to consider the "initial conditions" at r = 0 and the resulting free integration constants in the two cases (exact field theory, and TOV equations using the MF-EoS, respectively). At first sight, it seems that we have one free constant at r = 0 in both cases, which may be chosen to be the value of ρ (ρ) at the center, i.e., ρ(0) orρ(0), respectively. Here, in the exact field theory case, ρ(0) is related to the second Taylor coefficient h 2 (where h = 1 − h 2 r 2 + O(r 3 )) via ρ(0) = 16B 2 λ 2 h 3 2 + µ 2 U(1), as may be checked easily. It seems that for each initial value of ρ(0) orρ(0) we just have to integrate up to a value r = R where p(R) = 0 which defines the surface of the resulting neutron star, such that there is one solution per initial value (at least as long as the initial values are not too big, such that the condition p(R) = 0 can be satisfied for some R).
It turns out, however, that the initial value ρ(0) may not be chosen arbitrarily in the exact field theory case. The reason is that, at the surface r = R, the Skyrme field h must take its vacuum value h = 0 where the potential is zero, U(0) = 0. But this immediately implies that, at the surface r = R, the energy density must be zero, too, i.e., ρ(R) = 0. It then follows from Eq. (IV.8) that a metric function B which is nonsingular at the surface may exist only if p satisfies the condition p (R) = 0, as well. In other words, we have to impose the condition p (R) = 0 in addition to p(R) = 0, and, in general, both conditions may be satisfied simultaneously at most for a discrete set of initial values ρ(0). We may, nevertheless, find different solutions with different neutron star masses, because in the exact field theory the baryon number B enters as an additional free parameter, see Eq. (IV.10). Concretely, we find one solution (i.e. one initial condition ρ(0)) for sufficiently small values of B, two solutions (i.e. two initial values ρ 1 (0) < ρ 2 (0)) for intermediate values of B (where only the smaller ρ 1 (0) corresponds to a stable solution), and no solution for B > B max (where the value of B max depends on the potential). 
Neutron star masses (in units of the solar mass) and radii R (in kilometers) for different potentials, both for exact field theory solutions (BPS) and for MF-EoS TOV solutions (Mean EoS). Details are explained in the main text.
In the MF-EoS case, instead,ρ(R) is nonzero, and no additional condition for p (R) follows. Different initial valuesρ(0) will, therefore, lead to different solutions with different neutron star masses. As is usually done in the TOV approach, we shall assume that solutions are stable as long as increasingρ(0) lead to increasing neutron star masses. For practical reasons, we shall, nevertheless, plot both stable and unstable branches in most of the figures, because the numerical integration does not distinguish stable from unstable solutions. On the other hand, the baryon number is no longer a free parameter in the MF-EoS (TOV equation) case. Instead, the baryon number must be determined a posteriori from a given solution via
where the average baryon densityn B is defined in (III.6), and P must be replaced by the TOV solution p(r) in Eq. (III.6).
D. Results of numerical calculations
Numerical solutions are found by a shooting from the center r = 0. In the MF-EoS TOV case, we impose B(0) = 1 and choose aρ(0) =ρ 0 (which determines p(0) = p 0 via the MF-EoS). Then we integrate until we reach a radius value r = R such that p(R) = 0. The corresponding neutron star mass is then determined from
(IV.18)
Here, different initial valuesρ 0 lead to different solutions with different radii and masses. Further, formal solutions exist for arbitrary values ofρ 0 . We identify stable solutions by the condition that the neutron star mass should grow with growingρ 0 , which holds only up to a certain maximum value ofρ 0 . In the full field theory case, we impose B(0) = 1, h(0) = 1. Then, for each given value of the baryon number B, we vary ρ 0 until we find a solution which obeys the two conditions p(R) = 0 and p (R) = 0 for some radius R. For a fixed value of B, we find at most one stable solution. Different neutron star solutions are found for different values of B. The neutron star mass is again calculated from Eq. (IV.18) (replacingρ(r) by ρ(r)). In this case, it turns out that solutions obeying the two conditions p(R) = 0 and p (R) = 0 only exist up to a certain maximum value of B.
The relations between the resulting neutron star radii R and masses M are shown in Fig. 2 . We find that all radii increase with increasing masses (except very close to the maximum masses), both for the exact field theory and for the TOV calculations. This is most likely related to the rather stiff character of the EoS for nuclear matter described by the BPS Skyrme model. For small neutron stars (i.e., for solutions with a small B orρ 0 , respectively), we find that the M (R) curve is well approximated by the curve for the EoSρ = const (by a curve M ∝ R 3 ). For the MF-EoS cases, we also show the unstable branches. For these unstable branches of the TOV solutions, we find that in the limit of very largeρ 0 they approach a curve M ∝ R. This is related to the fact that, for all potentials, the MF-EoS approachesρ = p in the limit of very largeρ.
When comparing exact field theory solutions with MF-EoS TOV solutions for the same potential, we find that the results depend quite significantly on the potential we choose. For the theta function potential, exact field theory calculations and MF-EoS TOV calculations lead to identical results. For the potential U π = 2h, the two curves are quite similar, the main difference being that the MF-EoS neutron star solution reaches slightly higher neutron star masses. In the case of the U 2 π = 4h 2 potential, the difference is more pronounced. The MF-EoS solution not only reaches higher masses, but is also significantly more compact, i.e., the "compactness parameter" 2GM/R is significantly bigger than in the full field theory calculation. This difference is probably related to the fact that the potential 4h 2 is quite peaked about the antivacuum h = 1 and approaches the vacuum h = 0 quite fast, i.e., its shape strongly deviates from the constant theta function potential. We plot the compactness of solutions (both full BPS and MF-EoS) for different potentials in Fig.  3 .
In contrast to global properties (like the M (R) curves), which are not too different between full field theoretic and MF TOV calculations, the results for local quantities (like the energy densities ρ(r) andρ(r)) are completely different. We plot the energy densities in Fig. 4 , the pressures in Fig. 5 , and the metric functions B(r) in Fig. 6 . In Fig. 7 and Fig. 8 we show the central values of true and average energy densities and pressures for different neutron star solutions. Again, the difference between true densities (full field theory calculations) and average densities (MF-EoS TOV calculations) is huge. In Fig. 9 , we plot the central value of p as a function of the central value of ρ.
In Fig. 10 , we plot the equations of state (EoS) p(ρ) for different neutron star solutions. All shown EoS are on-shell in the sense that they are reconstructed from the numerical solutions ρ(r) and p(r) by eliminating the independent variable r. In the MF-EoS case, the reconstructed on-shell EoS must, of course, coincide with the original MF-EoS. In particular, the on-shell EoS for different solutions corresponding to the same MF-EoS (the same potential) must coincide, and the degree to which they coincide demonstrates the precision of our numerical calculations. Finally, in Fig.  11 we show the gravitational mass loss of neutron stars for the full BPS model calculations for the two potentials U π and U 2 π . More precisely, the figure also includes the (small) mass loss due to the binding energy of infinite nuclear matter. In this paper, we define the solar baryon mass B as (which, strictly speaking, does not exactly coincide with the number of baryon charges in the sun).
On the other hand, the neutron star mass approaches M ∼ BE B=1 in the small mass limit (where gravity can be neglected), where E B=1 = 923, 3 MeV is the mass per baryon number of infinite nuclear matter. The ratio ((M/M )/(B/B )) in Fig. 11 , therefore, approaches the limiting value (E B=1 /m p ) = 0.984 in the limit of small mass (small B).
V. DISCUSSION
The present work had the two-fold objective to continue, on the one hand, the application of the BPS Skyrme model -a field theory realization of a fluid model of nuclear matter -to the physics of neutron stars, and to investigate, on the other hand, the differences between full field theory calculations and approximate MF calculations of neutron star properties. Concerning the differences between exact and MF calculations, we find that they depend both on the chosen potential and on whether one considers global properties (like the neutron star masses and radii) or local quantities (like energy densities or the metric). There exists one limiting case -the potential Θ(h) -where MF and exact calculations coincide. For the other two potentials considered, we find that the potential 2h leads to rather similar M (R) curves for both exact and MF calculations, where the MF curve reaches, however, slightly larger values for the neutron star mass M (up to about 3.7 M ) than the exact field theory curve (about 3.2 M ), see Fig. 2 . For the potential 4h 2 , the difference between exact and MF case is much bigger. The M (R) curve for the exact calculation is, indeed, quite similar to the curves for 2h, but terminates for a smaller mass (about 2.1 M ; the maximum mass values in [23] are slightly bigger because of the different fit values used there). The curve for the MF calculation for the potential 4h 2 , on the other hand, leads to much more compact neutron stars (smaller radii for the same masses), see Figs. 2 and 3. From our results it is, in fact, easy to understand why the MF result for the potential 4h 2 is quite different from the MF results for the other two potentials. The MF-EoS for all three potentials rather quickly approach the stiff 
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FIG. 6: Metric functions B(r)
as functions of the radius in units of the neutron star radius R. Full BPS solutions B(r) have their maxima in the interior of the neutron star, especially for the potential 4h 2 which has a very peaked energy density. Here, n is the baryon number in solar units, n = B/B . MF-EoS solutions, on the other hand, take their maxima at the neutron star surface r = R S . Here, M is the neutron star mass in solar units.
"hadronic bag type" EoSρ
where, however, the numerical values for the "asymptotic bag constant" B ∞ are different for the three potentials. Indeed, using the numerical fit values (IV.14), (IV.15) and (IV.16) we find
So B ∞ is much bigger for 4h 2 , which means that for a given value of the pressure P the energy density is much bigger, and the corresponding nuclear matter more compressed, which leads to more compact neutron stars. In the full field theory calculation, it is still true that the matter is more compressed in the center for 4h 2 but, on the other hand, the potential 4h 2 approaches the vacuum value h = 0 faster (i.e. takes smaller values near h = 0) than the other potentials. 
Central values of the energy density (and of the pressure for the full BPS solutions) for different neutron star solutions, as a function of the neutron star mass. There is a big difference between full BPS solutions, which lead to much larger central values, and MF-EoS TOV solutions. Besides, the central values for the potential 4h 2 are much larger than for the potential 2h. In the MF-EoS case, we also show the unstable branches.
This implies that the neutron star (or the soliton in the case without gravity) has a rather large "tail" of low density, which tends to increase its radius. This shows that the potential 4h 2 has two properties which have opposite effects on the resulting neutron star radii. On the one hand, this potential is quite peaked about the anti-vacuum h = 1, which leads to high densities close to the center. On the other hand, the potential 4h 2 approaches the vacuum h = 0 fast, which leads to a rather large tail of low density. It would be interesting to consider potentials where these two effects ("peakedness" near h = 1, and approach to the vacuum near h = 0) can be varied independently, and to study their influence on neutron star properties. In general, we can say that the differences in global properties (masses, radii) of neutron stars between exact and MF calculations depend on the potential, the most significant difference being that the exact calculations tend to give smaller maximum neutron star masses than the MF calculations. For local quantities (like the energy densities, pressures, or metric coefficients as functions of the radial coordinate r), the differences between exact and MF calculations are much more pronounced. The true energy densities ρ(r), for instance, take much larger values in the center and approach zero at the neutron star radius R, whereas the averaged, MF densitiesρ(r) do not vary too much with r (just by a factor of about 2 or 3) and take non-zero values (corresponding to the nuclear saturation density of nuclear matter) at the neutron star surface r = R. This does not mean that gravity causes a huge compression for the true energy densities. Instead, the energy densities have a rather similar profile already in the case without gravity (the BPS Skyrme solitons), and, at least for the potentials we considered, the compression induced by gravity is always smaller than by a factor of three in the center, even for the maximum mass cases, see [23] . In other words, the compression at the center in the MF case is not too different from the exact case, although the absolute values of the densities are very different. For the metric functions B(r), the most interesting difference is that they take their maximum values inside the neutron star in the exact calculation, but on the surface in the MF calculation, see Fig. 6 . These rather big differences for local quantities between exact and MF calculations lead to the plausible conjecture that certain global physical observables with a stronger dependence on the shapes of local quantities will be quite different, too, the most obvious candidate being the moment of inertia relevant for the description of (slow) rotations of neutron stars. Indeed, in the Newtonian case, the moment of inertia is just given by a volume integral of 
The central value of the pressure p(0) as a function of the central value of the energy density ρ(0), for different solutions. A given central value of the pressure requires much higher central values of the energy density for full BPS models solutions than for MF-EoS TOV solutions. Observe that, as different solutions for the same potential in the MF-EoS TOV case correspond to the same MF-EoS, the curves for the TOV calculations are, at the same time, the MF-EoS graphs for the corresponding potentials. This is not true for the full BPS model calculations, where different solutions lead to different on-shell EoS even for the same potential, see Fig. 10. tensorial expressions of the type x i x j ρ( x), and the dependence both on the total energy and on the shape of ρ is obvious. In the general relativistic case, however, the moment of inertia is not just the volume integral of certain moments of the energy density. Instead, its calculation requires to solve the Einstein equations for a more general metric depending on three independent metric functions [40] , which is beyond the scope of the present article. Still, we expect the Newtonian arguments to be qualitatively valid and, therefore, rather pronounced differences between exact and MF moments of inertia. This issue shall be investigated in detail in a forthcoming publication.
In general, the differences between exact and MF calculations in the BPS Skyrme model will be the stronger the more the potential deviates from the step function potential which provides flat energy and particle densities. Beyond the BPS Skyrme model, this difference should become more important for theories which lead to appreciable inhomogeneities in the energy and particle distributions. In the standard Skyrme model, for instance, one may expect significant variations 
Mean-EoS U = 4h 2 , M = 2.55 P = ρ due to the considerable energy inhomogeneities of the skyrmion crystal [28] , [14] . Concerning the relevance and usefulness of the BPS Skyrme model (and its near-BPS generalizations) for the description of nuclear matter and neutron stars, we believe that in the present paper we simply added some further strong arguments to an already quite impressive body of evidence. Let us briefly repeat some key properties of the model which support this claim. The model 1. has the energy-momentum tensor of a perfect fluid, so describes a perfect fluid state of nuclear matter.
2. has the SDiff symmetries on physical space among its symmetries, so locally volumepreserving deformations do not cost any energy. 3. has (infinitely many) static solutions (BPS solutions) saturating an energy bound linear in the baryon number (a BPS bound). This allows to easily accommodate the small binding energies of physical nuclei and nuclear matter.
4. incorporates the property of nuclear saturation in the sense that, for arbitrary baryon number B, there exist solutions with finite energy and volume (both proportional to B) and with zero pressure (the BPS solutions), that is, describing nuclear matter at equilibrium.
5. allows for a derivation of its macroscopic, thermodynamical properties directly from the exact, microscopic description (BPS solutions), without the necessity of a thermodynamical limit.
In the present paper we find, among other new results, that the EoS for a MF averaged energy densityρ, for bigger values ofρ and pressure P , rather quickly approaches the asymptotic form ρ = P + B ∞ . This EoS is called the "maximally compact" EoS in the neutron star literature and, indeed, leads to M (R) curves which are rather similar to the ones we find, although slightly more compact [41] . For small P , on the other hand, our MF-EoS are much softer. Indeed, for potentials with an approach to the vacuum like lim ξ→0 U ∼ ξ α such that α ≥ 2 -to which both the potential 2h (α = 2) and the potential 4h 2 (α = 4) belong -it follows easily from the results of [31] that the speed of sound at nuclear saturation is zero, v P =0 = lim P →0 (∂ρ/∂P ) −1 = 0. The general picture we find is that of a maximally stiff (maximally compact) nuclear matter in the core of the neutron star and, more generally, for densities which are sufficiently above nuclear saturation density. Near nuclear saturation and, therefore, near the neutron star surface, on the other hand, the nuclear matter gets much softer, where the details of this transition between "core" and "mantle" depend on the chosen potential. Very close to the neutron star surface ("neutron star crust") we believe, in any case, that the BPS Skyrme model is not sufficient, and more terms of the near-BPS model (I.6) should be included for a reliable description [23] . Some bulk properties of neutron stars (like their maximum masses, or M (R) curves), however, probably do not depend too much on the crust properties, and for these the BPS Skyrme model makes some rather robust predictions, like M (R) curves which are quite similar to the M (R) curves for nuclear matter with the "maximally compact" EoS where, e.g., (dM/dR) > 0 for almost all neutron stars (except, probably, very close to the maximum mass). This differs from the M (R) curves which result from a large class of nuclear physics EoS (see, e.g., [41] - [43] ), but is completely compatible with the (still not very precise and not very abundant) observational data. Very precise quantitative predictions of neutron star properties within our model, on the other hand, should be considered preliminary at the present moment. Firstly, as said, we think that a reliable description of nuclear matter requires the inclusion of further terms of the full near-BPS Skyrme model, although the contribution of these further terms to bulk quantities (like neutron star masses or radii) is probably small. Secondly, we fitted the two parameters of our model to the mass per baryon number of infinite nuclear matter, E B=1 = 923.3 MeV, and to the nuclear saturation density n 0 = 0.153 fm −3 . Here, the first value E B=1 = 923.3 MeV is quite precise, and almost all nuclear models lead to values 923 ≤ E B=1 /MeV ≤ 926 (see, e.g., Table 1 in [44] ). The nuclear saturation density, on the other hand, is quite model dependent, where most models lead to a range of values 0.145 ≤ n 0 · fm 3 ≤ 0.175 (see, again, Table 1 in [44] ). Thirdly, at the moment, we do not know the "true" potential and so have the freedom to choose different potentials. It may, nevertheless, be of some interest to consider one particular case where some properties of a specific neutron star are known quite precisely, and to check what our model predicts for this case. Concretely, we refer to the double pulsar J0737-3039 [45] . The mass of the lighter pulsar P 2 in this system is determined to be M P 2 = 1.249 ± 0.001 M which makes it the lightest firmly established neutron star. If, in addition, it is assumed that this pulsar was formed from an ONeMg white dwarf via an electron-capture supernova -which is plausible given its small mass -then stellar structure calculations allow to determine its baryon number with a rather good precision. Concretely, it is found that the corresponding "baryonic mass"M P 2 is in the interval 1.366 ≤ (M P 2 /M ) ≤ 1.375 [45] . In our model, the baryon number is a much more natural observable than the baryonic mass. Further, in the present paper we defined the solar baryon number B as solar mass divided by proton mass (IV.19). In [45] , on the other hand, the baryonic massM P 2 was determined from the baryon number by assuming a mass per baryon number equal to the atomic mass unit u = 931.5 MeV (which is justified by the most abundant elements in a ONeMg white dwarf). This implies that in the transition from the interval for (M P 2 /M ) to the interval for (B P 2 /B ) we have to multiply by a factor of (m p /u) = ((938.3 MeV)/(931.5 MeV)) = 1.0073 leading to the baryon number interval 1.376 ≤ (B P 2 /B ) ≤ 1.385. The resulting small intervals for M P 2 and B P 2 may now be compared with the predictions of different models of nuclear matter (i.e., different EoS), see, e.g., [46] . We make this comparison with the M (B) curves of our BPS model in Fig. 12 .
We find a reasonably good agreement, where especially the potential Θ(h) gets quite close, which probably means that quite flat potentials are preferred (but remember the caveats at the beginning of this paragraph). To summarize, on the one hand, we found further evidence for the relevance of the (near-)BPS Skyrme model as a physical model for nuclear matter. The model incorporates in a completely natural fashion many nontrivial qualitative properties of nuclear matter, and, due to its simplicity (at least for the BPS submodel), allows for explicit and at least partly analytical calculations of many properties of nuclear matter, in general, and neutron stars, in particular. Specifically, it makes clear predictions for some neutron star properties, whereas other, more detailed predictions depend on the potential of the model and would, therefore, require a determination of this potential, e.g., from fits to nuclear data. If more precise data on neutron stars will be available in the future, it might even be conceivable to reconstruct this potential from fits to neutron stars, and to use it for further predictions of nuclear properties. On the other hand, we found strong indications that MF calculations and exact field theoretic calculations of neutron star properties can lead to rather different results. This implies that, if a well-motivated model of nuclear matter does not lead to a satisfactory description of neutron star properties, it might not be the fault of the model but, rather, just indicate the inadequacy of the MF approximation, and the necessity to go beyond MF theory for a reliable description of neutron stars.
